J Stat Phys (2008) 130: 1197-1215
DOI 10.1007/s10955-008-9480-8

On Guided Waves Created by Line Defects

Dong Miao - Fuming Ma

Received: 3 April 2007 / Accepted: 4 January 2008 / Published online: 24 January 2008
© Springer Science+Business Media, LLC 2008

Abstract The propagation of guided waves in photonic crystal fibers (PCFs) is studied.
A photonic crystal fiber can be regarded as a perfect two-dimensional photonic crystal (PC)
with a line defect along the axial direction. Under the assumption that the background spec-
trum has gaps, we give a simple condition on the parameters of the medium and of the line
defect, which ensures the rise of eigenvalues in a specified subinterval of the given gap of
the photonic crystal fiber. Using the modified Combes-Thomas estimates, we prove that the
eigenfunctions corresponding to the eigenvalues decay exponentially away from the line
defect.

Keywords Maxwell’s equations - Photonic crystal fibers - Band gap - Guided waves -
Line defects - Combes-Thomas estimates

1 Introduction

Photonic crystals (PCs) are periodically structured dielectric media, which are designed to
favor band gaps, i.e., monochromatic electromagnetic waves of certain frequencies can not
propagate through these structures. The fact that photonic crystals exhibit band gaps that
bear a resemblance to semiconductors is, naturally, of tremendous interest in physics [17].
Since the first proposals of a photonic band gap effect by Yablonovitch [29] and John [16],
lots of applications have been studied. Among these applications, photonic crystal fibers
(PCFs) as fundamental transmission media to guide electromagnetic waves have been in-
tensively studied. See, e.g., [2, 3, 6, 7, 20, 21]. Photonic crystal fibers consist of a periodic
array of two different optical transparent materials running through the length of the fibers
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with a central /ine defect which serve as the core for light guiding. Physically, guided waves
(or guided modes) can be created in these structures, i.e., electromagnetic waves of certain
frequencies which propagate along the line defects of these structures are exponentially de-
caying in the transversal directions. (Note that, however, it is not proven in this paper that
these modes are truly propagating rather than forming bound states. For a detailed discussion
on this subject, we refer to [23].)

To the best of our knowledge, although this phenomenon has been intensively studied in
physical experiments and numerical simulations, theoretical studies are few. Similar prob-
lems were studied in various circumstances. For instance in [9-11] they studied the localiza-
tion phenomenon in 3D photonic crystals, in particular they proved the existence of bound
states, confinements of impurity modes, and so on. As a closed related result, a line defect
in the 2D photonic crystal was studied [23], in which the existence of the impurity spectrum
in the gap (of the unperturbed operator) and, the exponential decay of the generalized eigen-
functions were proved. Note that a different physical background was considered there in
comparison with ours, we refer to [23] for details. Recently, in [28], the transverse electric
(TE) and transverse magnetic (TM) cases were studied. More precisely, in TM case, a guided
wave only has a longitudinal electric field and a purely transverse magnetic field. Similarly,
in TE case, a guided wave only has a longitudinal magnetic field and a purely transverse
electric field. By dealing with the two 2D scalar differential equations, they proved the ex-
ponential decay of the guided waves in the cladding.

We have previously given rigorous proofs of the stability of essential spectrum, i.e., line
defects do not change the essential spectrum of the background spectrum of the 2D operator
generated on the cross-section [25] (see also Theorem 2.2 in this paper), which plays a key
role for studying eigenvalues created by line defects. In this paper we continue our study for
understanding this phenomenon. Under the assumption that the spectrum of the background
medium has gaps, we give a sufficient condition to ensure the rise of eigenvalues in a speci-
fied subinterval of the given gap of the background spectrum. Physically, this means that if
the background spectrum has band gaps, it is possible to guide electromagnetic waves with
suitable cores. We also prove that the eigenfunctions corresponding to the eigenvalues decay
exponentially away from the line defect. To do so, a Combes-Thomas estimate is needed. It
is worth noting that some techniques used in this paper are inspired by the works of Figotin
and Klein [9-11] and Kuchment and Ong [23].

This paper is outlined as follows. In Sect. 2, we show that this problem can be treated
as an eigenvalue problem about a family of noncompact self-adjoint operators. In Sect. 3,
we give a constructive method to prove the existence of eigenvalues created by line defects
in the gap of the background spectrum. The Combes-Thomas estimates are formulated in
Sect. 4. Finally, in Sect. 5 we prove that the eigenfunctions corresponding to the eigenvalues
decay exponentially away from the line defect.

2 Mathematical Formulation

We will first give rigorous descriptions of some special photonic crystals and photonic crys-
tal fibers. We adapt the following notations:

F=@",x)" eR3, x=(x,x) eR%.

We consider a lossless inhomogeneous dielectric medium occupying the whole space R>.
The measurable functions €(X) and po(x), which describe the medium are called electric
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Fig. 1 The line defect is shown i H
on the cross section of the
photonic crystal fiber as a darker i
region .
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permittivity and magnetic permeability, respectively. We assume that €y(x) and 1o (X) are
invariant under any translation in the third normal direction x3

€0(X) = €o(x), Ho(X) = 1o (x). ey
We also assume that there exist constants €y + and (o + such that
0 <€ — <€(X) <€ <00, 0 < po,— < po(X) < po4 <00 ae. ()

Such general conditions on €(X) and (), particularly the lack of smoothness, are re-
quired on physical grounds [10]. If they are periodic functions of the transverse variable x
satisfying,

€o(x +7) =€o(x), polx +7)=pox) foralliieZ? xeR? 3)

these structures are often called (two-dimensional) photonic crystals, or photonic band gap
materials [17] (see Fig. 1). However, we don’t require the functions €y(x) and po(x) to sat-
isfy the condition (3) in this paper unless stated otherwise. Furthermore, a photonic crystal
fiber is created if a line defect along x3-direction is introduced. We describe the defect strip
by

Q=F=0"x)"eR|x;eR, xeQ} forl>0
where

Q=IQ “

is the support of the perturbation in the transverse plane. We assume that €2 is a measurable
compact subset of R?. Without loss of generality, we also assume that the origin is an inner
point of €2. Inside the defect, the dielectric medium can be different from the background
medium.
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1200 D. Miao, F. Ma

We use €(x) and (), independently of x3-variable,
e(X) =e(x), n(x) = pu(x), 5)

to describe any media throughout this paper. Of course we do not require € and p to satisfy
condition (3). The Maxwell’s equations that govern the propagation of light and electromag-
netic waves in the medium in absence of free charges and currents look as follows:

- dB(X,1) -
Vi x E(X,1) + =0, Vi-B(x,1)=0,
at (6)

aD(X,t .
—%:0, Vi D@, 1) =0,

Vi x H(X,t)

where E(X,t), H(X,t) are the electric and magnetic fields, and D(X,?) and B(X,t) are
the displacement and magnetic induction fields, correspondingly. The so-called constitutive
relations are

D(X, 1) =e(x)E(X, 1), B(X,1) = n(x)H (X, ).
We consider time-harmonic waves
E(%, 1) =€e“"E(X), H(X, 1) = “"H(X),
where w > 0 is the angular frequency. It leads from (6) to

@)

V xEX) +iouH(X) =0, V-(uH)=0,
V x H(X) —iweE(X) =0, V-.(cE)=0.

Since the functions €(X) and w(X) satisfy condition (5), guided waves are expected to
propagate along x3-direction in the medium. The rigorous definition of guided waves is as
follows

Definition 2.1 Guided waves are solutions of (7) on the form

{E()?) = (Ei(x), Ex(x), E3(x)) T e7i#5, .
HE) = (Hi (%), Ha(x), Hy(x)) e,
and
fz(elEl2 + plHPdx < oo,
where ‘

E=(Ei(x), E2(x), Es(x))',  H=(H ), Hx), H(x))'

and B > 0 is the wave number in the x;-direction.

We will introduce the following notation:

31 0 a1
wez) o (0)-(5)
0 1 —iB
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On Guided Waves Created by Line Defects 1201

where 0; = d/dx;, d, = 9/dx,. Furthermore, we define

Vep = (31, hop, —if) ",

Vg x il = (dous + ifua, —dyus — iBuy, djuy — douy) " )
and
Vlg . ﬁ = 811/!1 + 821/!2 - iﬂu3,

where il = (u1, u», u3) ', and ¢ = ¢ (x) is a scalar function.
Now plugging formula (8) into (7) and eliminating E or H, one obtains

€'V x u'Vp x E=LE, (10)
w'Vp x e 'V x H=1H, (11)

where A = w?.

We first consider the E-formulation (10). In the following, some functional spaces are
useful. We shall denote for any 3D vector field # = (u; (x), up(x), u3(x))" the transverse
field by u = (u;(x), up(x))7, thus we have i = (u", u3(x))". We define the scalar-valued
operator

curlu = 0yuy — druy,
and the space
H(curl, R?) = {u € L*(R?*; C?) | curlu € L*(R%; C)}
with the norm

2

2
= ”u“LZ(RZ)Z + ” Curlu”LZ(]RZ)-

flu ”?{(curl,]Rz)
A standard Sobolev space is also needed
H'(R*) ={¢p € L*(R*;C)| V¢ € L*(R*; C*)}.
Furthermore, we also define
H.=L*R* CY) (12)

equipped with the weighted inner product
(il, V) = / €il - vdx
R2

and the norm [|ii||. = v/(i, ii)., where ¥ means the conjugate of .
We introduce

V.={ii € H.|Vy x ii € H.}. (13)

The space V. is a Hilbert space equipped with the norm
||ii||%,€ = /2e(|ﬁ|2 + Vg x i[*)dx.
R

In the following of this section we review some results obtained in [25]. We do not
attempt to give the detailed proofs of them in this paper.
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1202 D. Miao, F. Ma

Lemma 2.1 V, is isomorphic into H(curl, R?) x H'(R?) and the norm || - ||y, is equivalent
to the norm || - | g (cur R2)x 11 ®R2)» 1-€-5

V.={i|u=@w",u3)" € H(curl, R*) x H'(R?}.

As in [4, 18], we will give a formulation of the problem in which the divergence-free
condition

Vs-(€E)=0 for E = (Ey, Ey, E3)' satisfing (10) and A # 0
is included in the functional framework. With such a formulation we can work equivalently
with the E-formulation (10) or the H-formulation (11) which allows us to take profit from

the natural symmetry of Maxwell’s equations with respective to E and H . Towards this goal,
we shall give a modified Weyl’s decomposition.

Lemma 2.2 The space H, can be decomposed to the direct sum of the spaces H.(8) and

G(B)
He=H.(B) ® G(B), (14)
where
H.(B) = {u € He | Vg - (eid) = 0}
and

G(B)={Vsop |9 € H' (R}
The sum (14) is orthogonal with respect to the scalar product with the weight € (x)dx.
We define the Maxwell operator 4. (8) = € 'Vg x u~'Vgx as the nonnegative self-

adjoint operator on L*(R?; C?), uniquely defined by the nonnegative quadratic form given
as the closure of

o (B; i, v) =/ (W'Vg x i) - (Vg x v)dx, i,ve Cy(R*CY).
RrR2
We can describe the structure of 4. (8) by

Lemma 2.3

i) KerAc(B)=G(B),
i) Zms.(B) C He(B).

Since A¢(B) |gpy= 0, we have o (A(B)) = {0} U o (A(B) | (s)nv. ). It is natural to
work on the restriction of A, (f8) to the space H.(8) N V., i.e.,

Ae(ﬂ) = Ae(ﬂ) |Ve(l3)7

where

Ve(B) := He(B) N Ve = {i € Ve | Vg - (etd) = 0} 15)
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On Guided Waves Created by Line Defects 1203

with V. defined in (13). The closed quadratic form a.(8; -, -) corresponding to A.(B) is
a.(B;ii,0) = /Rz(,r'vﬁ x i) - (Vg x v)dx forall (ii, v) € Ve(B) x Vo(B).  (16)
Next, a two dimensional scalar-valued operator div is defined by
divu = 0ju; + opup, foru = (uy, uz)T.
Theorem 2.1 For any 8 > 0, the operator A (B) is self-adjoint, positive and

o (Ac(B)) Clp-B*, 00),
where

p- =inf g2 (e ()" () > 0. (17)

Remark 2.1 Theorem 2.1 is just the first step for studying the spectral properties of A.(f8).
It is well-known that the spectrum of A.(f8) consists of an essential spectrum corresponding
to a continuum of radiating modes and a point spectrum corresponding to guided modes. Of
course the radiating modes have no finite energy in the transverse plane.

In the sequel, we describe the background medium by €, and o, and the perturbed
medium by € (x) and fi(x). We adapt A:(B8) and +4¢(B) as the perturbed operator according
to A, (B) and A, (B), respectively. We also introduce

ne) ="' (@) — py' (x), E)=¢'(x)—¢ ') (18)
and
n+ = max{=%n(x), 0}, &+ = max{£§(x), 0}.

By our hypotheses (4), both & and 7 are supported inside €2;.
Under the assumption that both £(x) and 7 (x) do not change their signs a.e. x € R, we
have

Theorem 2.2 (Stability of essential spectrum)
Oess (Ag (ﬂ)) = Opss (Aeo (/8))
This result means that the insertion of a line defect does not change the essential spectrum
of the nonnegative operator Ay (f8) according to the background medium. It is a consequence
of Weyl’s theorem on the stability of the essential spectrum (see Sect. XIII.4 in [26]).

3 Existence of Eigenvalues Created by Line Defects

In this section we consider the case that the perturbed medium is homogeneous inside the
line defect €2;, more precisely,

N €, if x e Q - , ifx € Q
e(x):{ 1 ! M(x):{ﬂl 1

ex), ifx¢Q’ po(x), if ,x ¢’
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1204 D. Miao, F. Ma

where €; and p; are two positive constants which are assumed to satisfy
€1>€(x), w1 >pox) ae xeR? (19)

and €2; is defined in (4). As we mentioned in Sect. 2, the background medium described
by €p(x) and wo(x) which satisfy condition (3) is called a photonic crystal. Floquet-Bloch
theory [22, 26] shows that the spectrum of the periodic operator A, (f) is the union of a
countable number of bands; more precisely, there exist continuous periodic functions A ; (k),
j=1,2,3,...0n R? with period 27, such that

(o)

o (Aq () U S (Q)

where Q = [—m, m)? is called Brillioun zone in physical literature [17]. Bands can overlap
and fill all the real semiaxis, or can be separated by the gaps. The existence of gaps in the
spectra of the periodic Maxwell operators was studied by many authors, we refer to [12, 15]
for scalar model, [13] for two-dimensional photonic crystals, and [8] for the full vectorial
Maxwell operators. As a somewhat straightforward application of the high contrast results
on existence of gaps developed in, e.g., [12, 13, 15], it was shown in [28] that an appropriate
choice of g leads to an effective high contrast, thus gap can be created. (However, no attempt
is made to give a complete survey on this subject here.)

Although it is usually assumed in the photonic crystal theory that €5(x) and po(x) are
both periodic functions, this is unnecessary for the basic results we get in this paper. In the
sequel, we suppose that B = (a, b) is a band gap in the spectrum of the operator A, (8)
associated with the periodic background medium, where 0 < a < b < co. For any 7 € B,
we can choose d > 0 such that

IL.y=[t—d,t+d]CB. (20)
The following theorem is a development of Theorem 2 in [11] and Theorem 1 in [23].

Theorem 3.1 Let B = (a, b) be a band gap in the spectrum of the operator A, (B). For any
interval I, 4 satisfying (20), if at least one of the conditions below is satisfied,
1) for €, fixed, and

2(te g — B2 - Ag|?
S DAY <||nk~V¢||2<1+ |4 el Ad] 4>) @1)
d*ei g $eC3(Q) d(rerpr — B ng - Vo
llpll=1

> >

or
ii) for [ fixed, and

€11 =

> dez inf (nﬁk-w

H¢H 1

2 2 472825, - 2
(1 fmnfo+ CUSE TR TODN)

where 1y, is a unit vector which parallels with the vector V¢, then the interval I, 4 contains
at least one eigenvalue of the perturbed operator Az (f).
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On Guided Waves Created by Line Defects 1205

We shall first give some comments on (21) and (22) before the proof. In fact we can give
simple forms of conditions (21) and (22). Using the inequality

«/1+a<1+% fora >0

and neglecting the term —4/2B2||7i; - V¢||> in (22), the conditions (21) and (22) can be
simplified as

reip — B2 . 23| Ag|?
P> ———— inf <4||nk-V¢||2+ ‘i o~ >
deiui  peci@ 4(161M — B)2)ix - V4
lplI=1
and
v d*|| Ag|?
12 >— inf (4| Vo> + ——————
EE e a( VO S vor

H¢H 1

respectively. For Q = {x € R?||x| < 1}, we can further estimate by using ¢ = \/g(l -2+

xzz)) as an approximate function. Set

1

—(x1,X2) |,
2 2
VX7 X3

one can easily verify that such a choice satisfies (25), (28) and (31). Simple calculations
show that |¢|| = 1, |7k - V| = V6 and [A@| = 4+/3. Thus (21) and (22) can be expressed
on simple forms as

Ty =

2> 24(te 1y — B*) 2
- drelu? Ter ) — B2
and
Pepu > 2 + g,
R
respectively.

Now we shall prove this theorem.

Proof By Theorem 2.2, we know that if Az(8) has spectrum inside the gap in the spectrum
of A, (B), this spectrum must consist of isolated eigenvalues with finite multiplicity only.
Since o (A:(B)) = {0} Uo (A:(B)), it is equivalent to prove the existence of eigenvalues of
the operator ¢ () in the interval I, ;. Hence it suffices to prove this theorem if we can find
an approximate eigenfunction # of the operator »¢(8) such that

ll(Az(B) — Diille < dllulle. (23)
Since the medium is homogeneous inside the defect strip €, we have
Az(B) = (e1141) "' Vg x Vg x
= (1) 'Vp(Vg) — (1) 'V - Vg ® I
= (e 1) 'Vp(Vg) — (€)' Ap ® I 24)
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1206 D. Miao, F. Ma

inside the defect strip, where I3 is the identity operator on C3 and Ag = A — 82 with A =

7 + 9.
We set a real-valued cut-off function ¢ (x) such that ¢ (x) € Cé(Q) and ||¢|| = 1. Further,
we introduce ¢;(x) = %q)(%) for [ > 0. One can easily see that ||¢;|| = 1. Then we will

construct an approximate eigenfunction i, in the following way:
i =" P (x) forX e R,
where ¢ = (¢1,6,0)T € R3, |¢] =1 and ¢ is chosen in such a way:
¢ V=0, (25)
ks=(k",—B)" fork = (ki, k)" € R? and
k> = Te1m _ﬂz. (26)

Since T € B, in view of Theorem 2.1, we have 7 > ,0_,32, where p_ is defined in (17).
Using the assumption (19), we have

Br<tp ' <teu. 27)
Hence (26) makes sense. We further choose kg such that
ks =0. (28)

In fact we can see from (25) and (28) that the vector £ is parallel to the vector V¢. Obviously
we can see i; defined above belongs to the space Dom(#¢(8)) and also ||i;|| = 1. Since

Vi - (i) = (Vg - O)(re™™) = ¢ - (Vpp)e ¥ + ik - tpre™s™ =0,
by applying (24) and (26) we have
Vg x Vg X i
=—Ags Q il
=(—A+ ) @ L(e™ ¢ (x)¢)
=(— A 8N — e 8T A — 2V (e¥8T) - Ve + R Ty ) ¢
= (repie™ s g — e Ay — 2ie ¥k - V)L

Now we can estimate the term || (#z(8) — 7)it;||¢. Since k and ¢, are real-valued, using the
identity above we have

Az (Bidy — Tiiy |12
=u Vg x Vg x iiy — ey Tiiy ||
=2 (—e™8 T Ay — 2ie Tk - Vg |
=1 Ay + 2ik - Ve |2
=u (1A 1> + 411k - Ve ||
=p 2 AGIP + 4k - V2.
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Hence, to ensure the inequality (23), the following inequality is sufficient:
uAGI +4uT k- VP < dPel. (29)
Inequality (29) is equivalent to
Pdetut > | Al + 412k - Vo>, (30)
We define
ik = K"k = (re s — Bk 31
as the unit vector according to k. Then we can rewrite (30) as
Pep)* > d (1817 + 4 lPewy — P iy - VoI?). (32)

We will consider (32) in two different cases.
i) For €, fixed, if

2(te g — B2 . 22| A2
P 2D o <||nk-V¢||2<1+\/1+ 1291 4)>
P seci@ 4(zers — B2 liix - V|
l¢ll=1

the inequality (23) holds.
ii) For [ fixed, if

€111 =

inf (IIﬁk -Vol?

T
Pd? yeci)
Igl=1

P(AI — 422 - VeI
* <1 +\/max{0’ H 427 VI D)

the inequality (23) holds. Thus the theorem is proved. 0

Remark 3.1 There is a very important question which is still not clear: Can eigenvalues
created by line defects be embedded in the essential spectrum of the background medium?
A similar argument concerning this issue in optical waveguides, the traditional counterpart
of photonic crystal fibers, has been studied in [4] and [18]. A traditional optical waveguide is
a dielectric medium whose cross section differs only by a compactly supported perturbation
from a homogeneous reference medium. In this case, they conclude that the eigenvalues
created by the perturbation can not embed in the essential spectrum of the reference medium,
except possibly the lower edge of the essential spectrum. For the Schrodinger operators,
similar problem has been intensively studied. See, e.g., [24] and references therein.

4 Combes-Thomas Estimates
Classical wave operators, e.g., acoustic operators and Maxwell operators, can be regarded as
generalized Schrodinger operators. Usually they satisfy exponential decay estimates which

are called Combes-Thomas estimates in mathematical physics. See, e.g. [1, 5, 9, 10, 14, 19,
27].
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We write R(z) = (A¢, (B) — z)7 M forz e (A (B)) and R(z) = (A, (B) — zI)™! for
z € p(A¢ (B)). In the sequel, we formulate the modified Combes-Thomas estimates on the
decay of the resolvent R(z) and the operator Vg x R(z) (see Theorems 4.1 and 4.3 below).
Theorem 4.1 has been formulated in [25], the main idea of its proof is based on Lemma 12
in [9] and Lemma 15 in [10]. Then we argue as proof of Lemma 16 in [10] to prove Theo-
rem 4.3. As we will see in Sect. 5 that these estimates are very important for studying the
behavior of guided waves away from line defects. It is worth noting that the periodic condi-
tions (3) for €y(x) and po(x) are unnecessary for deriving these estimates in this section.

Let x, » be the characteristic function of a square of side 2/ centered at x, i.e.,

Xxh = XQup

where

Qe =1{yeR?||y1 —xi1| <h, |y» — x2| <h}.

For a vector ¢+ € C", n € N, we set || = /Z';:l |¢;12. For a matrix C = (cjx), 1 < j <m,
1 <k <n, we set |Cle =maX<j<m » 4 Icjx]. And for a measurable function f(x), we
set || f]loo = esssup| f|. Finally we denote by (-, -) the inner product of the Hilbert space H
with the norm || - ||.

First, we give the estimate on the resolvent R(z). We refer to Theorem 5.1 in [25] for the
proof.

Theorem 4.1 Let z € p(A¢,(B)). Then foranyn € N, h > 0and 0 <v < 1, we have

1 1\
”XX,hRn(Z)Xy.h”e() < << + V) _) eZﬁhv@oeﬂJGolX*,Vl forall x, y € R2 (33)

1—-v)/) d
with
d Mo, —
)= — — 34
T a4V d+ G4
where
d =dist(z,0 (A (B)) = inf [(Aey(B) — zD)it|¢,

fieDom(Acy (B). llilley=1

and (o, is defined in (2). The norm in the left hand side of (33) is the operator normin H,,,
where the definition of H, is analogous to H, in (12).

Remark 4.1 1t is worth noting that the resolvent decay exponentially fast, and the rate of
exponential decay grows if d (the distance from z to the edge of o (A, (B))) grows. For
Schrodinger operators, results of [1] show that the rate of exponential decay, which also
depends on the distance from z to the edge of the spectrum, behaves as +/(z — @) (8 — 2).

In the sequel, we formulate the estimate on the operator Vg x R(z). However, we shall
first derive some interior regularity estimates needed.
We first introduce the Hermite matrix

0 i 0
0 :=<—i,3 0 —81), for g > 0,
-0, 0 0
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On Guided Waves Created by Line Defects 1209

and then formally define a vector-valued operator

Oouz +ifus
8,317 = (—8]u3 — l,BLt]) . (35)
O1up — dpuy

The domain of dg, which is denoted by Dom(dp), is the closure of C§° (R?, C?) in the norm
- PN -
(allZ, + 19pi2))?  forany ii € C3°(R?, CY),

and 0 is a closed densely defined operator on H,,. We also introduce the weighted Hilbert
space

Hg o, =il | i € L*(Q, €odx; C)},

where € is an open subset of R?. Then we can also define the restriction of the operator 0
as the closed densely defined operator on the space Hg , by dg ¢ in the same way for
i€ C° (2, C*) with dg qii € Hg (. For Qi C Q,if i € Dom(dp o), then i |, € Dom(dp, o,)
and 9 qli |, = dp,0,U |q,. Hence we can write dg qii as dgii for simplicity.

We can easily find from (35) and (9) that V5 x it = dgii and A, (B) = €; ' g1ty ' 9. Thus
we use Vg x and 0g without difference in the following.

For the scalar valued function ¢ € C*(R?; R), we define the matrix-valued operator Op*

by
0 ipp 09
opxp=|—-ipp 0 —0i¢|. (36)
—0h¢ e O
A straightforward calculation shows that

for any ¢ € C*(R?*; R), and i = (uy, us, u3) € Ve,» Where V, is defined in (13). Finally, we
set

Va,e :=1{li € Ho ¢, | 9pi € Hg ¢}
Definition 4.1 A function i € Vg , is said to be a weak solution for the equation
€' gy g =w inQ (37)
with W € Hg ¢, if it satisfy the equation
(957, g ' Bpil) = (U, W)q.e, forall ve C(Q; CY). (38)
Then we have the following theorem:
Theorem 4.2 Suppose ii € Vg ., is a weak solution of (37) in an open subset Q C R? with
w e Hg ,, then for any measurable subset Qg CC 2 with dist(€2y, 0€2) > & for some § > 0,
there holds

. | -
(0pi, 1y Bpii) gy < K(uT lidl1g ¢ + Mo,—llwllé,go) (39)

where k =k (8, B, €,—).
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Proof Let Q2 be an open set, such that

Qo CC Q) CC
with
. 1 . 1
dist(2, 02;) > 58 and dist(2, 0Q2) > 18

Furthermore, we can find a scalar function ¢ (x), such that ¢ (x) € C3°(21), 0 <¢(x) <1,
forx e R%, ¢(x)=1in Qq, and [|91¢]o0 < % 10200 < % From (36) we can see

[0p * Ploo < Cs.p,

where Cs 3 = 8 + %. Then the following part of the proof is just a modified form of [10].
Since ¢%ii € Vg, with compact support, it follows from (38) that

(3 (@200, 1y Bpil) o = (B%H, W) g co-
Since

(95(710), 1y ' Opil) o = (Bpid, p*1ag ' pii) o + 2((3p % P)id, Py dpid) -
Using the inequality ab < %az + ibz for any a, b, and y > 0, then we have

0 < (dpit, p* 1y ' dpid)

= (%, W)q.q — 2((Bp * )id, Py dpil)

-

< lillg.ell0 |0, + 2((3p * P)id, i1y (3p * )

2 (i, 115" 0pii) 3
- Ho,— |, 1 1 . 1
< o lidl1g o + — w18, ., + 2—/10,7 C(;,ﬁ;”uug,fo + -
This implies

2 (0pid, ¢ g ' Dpil) .

1
dpid, PPy dpil)g < —— (1 +4 2 Aol ..
(0pu, "1y Optt)e < Mo,—( & Cop lullg e, + Ho-llwlg

Wesetk =(1+4 ), then the inequality (39) follows from the fact:

. S

€,-Cs.p
(Dpid, iy Opii), < (Opit, ¢y pid) -

d
Corollary 4.1 For any ii € V,, be a weak solution of the equation

€ ' p1g dpii =w  in R?
where W € H,,, we have

- 1 - .
18pull < \/x ko, ( llulley + /1o~ llwlle )
B -+ W 0 0

where k = infs. ¢ k5.
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Now we can derive the estimate on the decay of the operator dgR(z) (i.e., the operator
Vi X R(2)).

Theorem 4.3 For any z € p(A¢,(B)), the operator dgR(2) : Ve, — Ve, has the bound:

1
185 R(2)| < gf( /’“‘0+ + Voot Mo+(|Z|+d)>

where d = dist(z, 0 (A¢,(B))). Furthermore, for any h > 0 and 0 < v < 1, we have

~ l + 4 ? l al — Vi X—y
198 R(2) x| < “(1 — v) Eem’ Tkl (40)

forall x,y € R? with |x — y| > 2h, where

s:m< + |z|m),

1
/Mo,

and the definitions of 6y and d are the same as in Theorem 4.1. The norm in the left hand
side of (40) is the operator norm in L*(R?; C?).

Proof For any i € H,,, we have R(z)ii € V,,. Note that

Ao (B)R(2) = (I +zR(2)),
ie.,
€ 9o 95 R(2) = (I + 2R (2)),

by applying Corollary 4.1 and the inequality ||R(2)|l¢, < 5 we have

9gR() < «/KM0,+< IRl + /10~ 1 +ZR(Z)”6())

<l ()

—f( /“"j Mo,—Mo,+(|Z|+d)>~

Next, we shall prove (40). Let x, y € R? and h > 0 with |x — y| > 2k, one can see that
Kx 3nky n = 0. Thus for any u € He,, by applying Corollary 4.1, we have

11 35,195 R(2) Xy ik

N

1 R R
N 1,30 R(2) Xy nttlley + /0.~ 1 Xx,30 (1 + ZR(X))Xy,hu”q))

1 N o
< \/KM0,+<<W + |Z|\/Mo,7> 1,30 R(2) Xy nttll ey + «//vLO,—”Xx}th,h””eo)

1 R
K Lo, + < N + |Z|\/Mo,7> 12,30 R(2) Xy 0|l g -
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We can further apply Theorem 4.1 to obtain

A

1 X200 R(2) Xy.nll < Ell X 30 R(Z) Xyl

IA

Ell xx,30R (@) xy,3nl

2
1+v\°1 ,
< w( 2 o028 ,—véplx—y|

\1-v/ d
forall x, y e R® and |x — y| > 2h, where B = /Kp,oﬁ(\/% +1z]/H0.)- O

Note that o (A, (B)) = 0 (A (B)) ({0}, we are fortunate to see that not only the con-
clusions but also the proofs of the Combes-Thomas estimates on R(z) hold for their coun-
terparts on R(z) = (A, (B) — 21 )~! by carefully checking the proofs of Theorems 4.1 and
4.3. More precisely, we have the following two theorems:

Theorem 4.4 Let z € p(Ac,(B)). Then for anyn € N, h > 0and 0 < v < 1, we have

1 21\"
e R (2) Xynlleg < << +U> —) V00O forall x, y e R (41)

1—-v) d
with
d Mo, —
Op=—-.|——,
0 4V d+|z|
where
d =dist(z, 0 (A (B))) = inf | (Aey (B) — zD)it|¢,

fieDom(sheg (B)). llilleg=1

and (o, is defined in (2). The norm in the left hand side of (41) is the operator normin H,,,
where H, is defined in (12).

Theorem 4.5 For any z € p(A¢,(B)), the operator dgR(2) : Ve, — Ve, has the bound:

1
195 R )| < E*/E( /% + Vo 1to 5 (] +d>>

where d = dist(z, 0 (4, (B))) and (o + is defined in (2). Furthermore, for any h > 0 and
0<v<1,we have

- 1+\) 21 v —vfylx—
||xx,haﬁeﬂ<z>xy,h||sa(l_v) el (42)

forall x,y € R? with |x — y| > 2h, where

1
A/ Mo, —

and the definitions of 6y and d are the same as those in Theorem 4.4. The norm in the left
hand side of (42) is the operator norm in L*>(R?; C3).

E =«/KM0,+< + |Z|«/M0,—>,
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5 The Exponential Decay of Guided Waves Away from Line Defects

In this section we show that any eigenfunctions created by a line defect strip decay exponen-
tially away from the defect strip. Following Sect. 3, we describe the background medium by
€o and pg, and the perturbed medium by €(x) and fi(x), we also adapt A:(B) as the per-
turbed operator according to A, (8).

Let B be a spectral gap of A, (8) and z € o (4:(B)) N B. It follows from Theorem 2.2
that z must be an eigenvalue with finite multiplicity of the operator A (8).

Theorem 5.1 Let 7z € o(Az(B)) N B and u be the corresponding eigenfunction, then we
have

- _1 v
l| X pitllz < Coe™ 2Pl

forallx,y e R? with |x — y| >2h,and 0 <v < 1, where x, j is the characteristic function
of the set {y||x — y| < h} with h > 0, the constant Cy depends on v, z, €y, lLo, €, L and the
distance from z to the edge of o (A, (B)).

To prove this theorem, the following lemma is needed.

Lemma 5.1 Let z € o (Az(8)) N B and ii be the corresponding eigenfunction of the operator
Az(B), then we have

- 2~ =
Ve xull < y/zéx iy llulle,

where €, and [i are defined by

€4 = sup €(x), Ly = sup fL(x).

xeR2 xeR?2

Proof Since A:(B) + I is strictly positive on the weighted space H:, we can rewrite the
equation

Az (B)ii = zii, ii € Dom(Az(B))
as
i = (z+ (A (B)+ D7
Then we have
IV x iillZ = (z+ 1)(Vg x ii, Vg x (A7 (B) + D)7 "ii)e
< @+ D (Vg x it 17 Vg 5 (AZ (B) + D7 i)
= (z+ Dty (ii, Vg x 7'V x (AZNB) + D7)
= (z+ Dfiy (i, €Az (B (AT (B) + 1) "i)e
< (z+ Déy i (i, i)e.
This implies that

Vg x iille <+/(z+ Déy ity lidlle,
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1214 D. Miao, F. Ma

ie.,

Vg x idll </ (z + Déx iy llidle.

Remark 5.1 We can also use Corollary 4.1 to obtain a similar estimate.
Then we shall complete the proof of Theorem 5.1.

Proof Asin [11, 23], we first introduce a quadratic form:
alv, u] := (A (B)V, ), — 2(U, ),

for all ¥ € Dom(A¢(B)), and u € Dom(A:(B)). Let U = R(z)x.u, where R(z) =
(e (B) —zI)™', then we have
a[as ﬁ] = ((‘A’E()(ﬁ) - Zl)ﬁs ﬁ)e()

= <Xxﬁ’ ﬁ)é()

= ||X)c12||§0

< e+ llxeil®. 43)
On the other hand, using Az (8)u = zii, we get

alv, ] = (€' Vg x 11 Vg X U, i)y — 2(U, il)¢,
= (Vg X U, g ' Vg x i) — 2(0, i),

= (Vﬂ X l_j,ﬂalVﬂ X 17) _Z<1_}a ﬁ)eo

+<6, 5Ae(ﬂ)ﬁ> - <6, 5As(ﬂ)ﬁ>
€0 €0

€0 €0

= —(Vg x 0,0V x it) + (Vg x U, 0" 'V x ii)

- Z<I_j? ﬁ)f() + <§’ E%"A)G(.B)ﬁ)f() + <§7 Z”?)E() - <5’ Ei'Ae(/s)ﬁ>
0

€0
=—(Vg x v, nVg x u) — (v, eéAe(ﬂ)ﬁ)eo + (Vg x v, /L‘IV,S X i)
— (U, Vg x 'V x id)
= —(Vﬁ X 17, Y]Vﬁ X I:i) — (5,Zéfﬁ>g().
Taking account of Lemma 5.1, Theorems 4.4 and 4.5, we have
la[v, ]l < 1y Ve X 0lllnllocll Vs x ]l + zll€ = €ollooll xe VIl 122l

< Cillixy Ve x R@ Xl + I xe R (@) xx 1)
< Cze—VOO\x—yl. (44)

Thus Theorem 5.1 follows from (43) and (44). O
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